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Previous papers from this Department have shown (a) that a food supply 
which supports normal nutrition, generation after generation indefinitely, 
may still be capable of improvement with resulting advance in nutritional 
well-being,':? and (b) that such a nutritional improvement of the norm 
may be due to enrichment of the initial dietary in one or more of its chemical 
factors, among which calcium, riboflavin and vitamin A may each play a 
major part.® 

In the case of enrichment of the food with vitamin A, not only does the 
life history as a whole show improvement but in one series of experiments 
there was indication of a somewhat specific benefit to the life processes 
subsequent to the attainment of full maturity.‘ 

The present paper records the results of further experimental studies of 
the effects of increased nutritional intake of vitamin A in the postponement 
of senility and the extension of the life span. In these experiments, as in 
the preceding series,*:+ the basal diet (Laboratory No. 16) was a mixture 
of five-sixths ground whole wheat and one-sixth dried whole milk with 
table salt and distilled water (sometimes referred to as our Diet A). The 
degree of over-all adequacy of this diet for the nutrition of the experimental 
animals used (laboratory-bred albino rats of the Osborne-Mendel strain) 
is best illustrated by the fact that families of these rats are still thriving in 
our laboratory in the 58th generation on this diet. Its vitamin A value 
has not shown significant variations and averages approximately 3 Inter- 
national Units per gram, or 0.8 I. U. per calorie. Thus this level represents 
a vitamin A intake which has been shown to be adequate in the usual sense 
of the term but which as both our present and our previous experiments 
show, is not fully optimal inasmuch as enrichment of this diet in vitamin A 
results in.better average life histories. ; 

In the present experiments this level of 3 I. U. of vitamin A value per 
gram is compared with 6 I. U. and 12 I. U. in diets otherwise identical 
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(Laboratory Nos. 16, 360 and 361, respectively). The outstanding differ- 
ences found both here and in our previous studies of the 3 I. U. and 6 I. U. 
levels are that the doubling of the already adequate level (of 3 I.U. per 
gram of air-dry food or 0.8 I. U. per food calorie) results in longer life for 
both sexes and a fully proportionate prolongation of the reproductive period 
in the females. As individual differences are relatively large, yet the 
trends have been consistent in the three series of experiments of this 
laboratory (Batchelder, 1934; Sherman and Campbell, 1937, and the 
present) we give in table 1 the weighted average results of the three series, 
i.e., of all the evidence of this kind available to date. 

It is apparent from the evidence thus summarized in table 1 that, starting 
with a diet already adequate in the usual sense of the word, a doubling of 
the vitamin A value of the diet deferred old age and increased the length of 
life. When the vitamin A value was again doubled there was apparently 
still further benefit though the numbers of individuals at the highest level 
is not large enough to be regarded as entirely conclusive. It would be well 
to test in a similar way larger numbers at this 12 I. U. level with parallel 
cases at a level of 24 I. U. per gram. 


TABLE 1 


INFLUENCE OF THE VITAMIN A VALUE OF THE Foop; EXPERIMENTS WITH RaTs, NUMBER 
OF INDIVIDUALS AVERAGED IN EACH CASE ( ) 


ON DIET WITH ON DIET WITH ON DIET WITH 
31. v./o. 61. v./c. 12 1. u./c. 
Reproductive period of 
females (163) 265 days (164) 312 days (36) 369 days 
Length of life: 
Of females (163) 724 days (165) 801 days (36) 830 days 
Of males (112) 652 days (108) 685 days (24) 723 days 


Without assuming either that the nutritional need for vitamin A is 
proportionate to the energy need or that the relative magnitudes of the 
two nutritional needs run parallel for rats and men, the experiments here 
reported may yet throw some light upon the problem of optimal allowances 
for human nutrition. The basal dietary of the present experiments with 
its 0.8 I. U. per calorie would correspond to 2400 I. U. for a man consuming 
3000 calories a day. The doubled allowance, corresponding to 4800 I. U. 
per day, nearly all in the form of the vitamin itself as distinguished from 
provitamin, corresponds to the Recommended Allowances of the National 
Research Council. The experiments here reported, however, show that a 
further increase results in a greater benefit. This suggests that an 
allowance somewhat higher than that of. the National Research Council 
might be more nearly optimal. This appears the more probable in view 
of the fact that most people probably live less protected lives than those 
of these experimental animals. As the benefit of a liberal intake is doubt- 
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less largely due to the laying-up of a reserve store in the body against 
emergencies which may increase the rate of destruction of the vitamin, 
the relations of intake to bodily storage are being studied quantitatively. 


* Aided by grants from The Nutrition Foundation, Inc. 
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Nutrition, 2, 415 (1930). 

3 Sherman, H. C., and Campbell, H. L., Jour. Nutrition, 14, 609 (1937). 

4 Sherman, H. C., Campbell, H. L., and Lanford, C. S., Proc. Nat. Acad. Sci., 25, 16 
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THE LAW OF MASS ACTION IN EPIDEMIOLOGY, II 
By EpwIn B. WILSON AND JANE WORCESTER 
HARVARD SCHOOL OF PuBLIC HEALTH 
Communicated February 19, 1945 


If one takes the equation for an epidemic when there are new susceptibles 
(recruits) coming into the population in the form! 


as, _ (S\(45 

dt ~ \m/) \dt 
and introduces u = log (C/A), C = Ae”, measuring case rates relative to 
the recruit rate A instead of relative to m, one finds as the equation for u 


eae m 














du pA u(t—r) —ulf) ‘ted 
—| x= ? _— p¥(é) peers ; 2 
dt | m a . ) * dt t—r - ( ) 
If ¢ be advanced to ¢ + 7/2, one has 
du du A eta2/2) —ult+1/2) : 
dt lg aen::, Wloweee - co oe ae 
t+1/2 t—1r/2 








The first approximation to this equation, neglecting first and higher deriva- 
tives upon the right, is 
du _ pA 
= —(1— & 4 
and corresponds to the approximation for the case p = 1 made by Soper in 
his discussion of periodicity. Equation (3) is indeed identical with his, 
except that pA/mr replaces A da m tr. The period of. an infinitesimal 
oscillation is therefore 
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P=27rq—. (5) 
pA 
The oscillations in epidemics of measles are not small. We have shown 
that, for approximations of this order in the absence of recruits (A = 0), 
we have 


m _ (total cases)? 


p  8(peak cases) ’ 








(6) 


where peak cases means the number of cases during one incubation period 
at the peak rate, and that if we consider higher approximations the value 
of m/p is not modified by more than perhaps 2 per cent unless the epidemic 
is very sharp (i.e., unless peak cases exceed one-sixth the total cases). We 
propose here to consider the modification in this relationship (6) that is 
due to the steady accession of susceptibles. 

If we integrate (4) and determine the constant of integration so that 
u = uy when du/dt = 0, i.e., at the peak, we have 


iu 2pA . 
eee Vu — ec —m tem. (7) 


dt mT 








If u be the negative root of u — e“ — u + e™, the half period will be ob- 
tained by integrating dt from u = wu to u = u, and the whole period will 
be found by doubling this result to be 


Sai uo du 
pua lo 7 =a; 
‘= u Vu-—e —mt+em pA t 


= uo du 
p= v2 fi Va-—-mwm+t+e" ) 


and can be computed for different values of % or e” = C)/A. 

We now turn to finding the modification of (6) due to accession of re- 
cruits. If P be the period, the number of recruits during that time is PA 
and this must in turn be equal to the total cases, for in the hypothetical 
case under consideration everything must return to the same condition 
after one period. Hence 








where 











Total cases = PA = | — 





f. (10) 


As peak cases are Ae”’r, we have in lieu of (6) 
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m _ e” (total cases)? 


p - f? peak cases G1) 


In actual calculation we may obtain P from the total cases as P = total 
cases/A rather than from (8) and we may obtain m/p as 


m _ (total cases)? (12) 


p Arf? 


Here Az are the recruits during an incubation period; to find f one must 
have a table of values in terms of um or of e“* = C,/A computed from (9), 
Viz., 


eo 


= 1 2 4 6 10 15 20 30 
f = 2r 6.4 4 8.0 9.7 11.5 13.1 15.3 


The crucial test of any theory comes with the comparison of the theo- 
retical results with the observed facts. If we had reliable values of m, of 
total cases, of recruits and of the peak case rate we could now determine the 
value of p appropriate to the particular relationship (12) derived from the 
theory. Fortunately, Hedrich? published a careful study of measles in 
Baltimore in which he has estimated the actual number of cases during 
each month from January, 1900, to December, 1931, and the number of 
intacts at the beginning of each month. By definition his intacts are 
children under 15 years who have not had measles. This should be close 
to the number of susceptibles S. In so far as the fundamental equation 
(1) is true, we should expect to find m as the value of S at the time when the 
case rate C was equal to the value one incubation period earlier. There 
are two such occasions each year around the time when the case rate is 
maximum and around the time when it is minimum. At minimum, 
cases are few and no great accuracy can be assigned to an estimate of the 
time when C(t) = C(t — 7); at maximum the cases are numerous in 
epidemic years but in non-epidemic years may be few and irregular. We 
have made the best estimates we can of the value of m at the peaks and in 
the troughs and find that the average value for the peaks is 67,000 and for 
the troughs 66,000. The average date of the peak (which varies from 
November to June) is estimated as around April 22 and the average date 
of the trough (which varies from August to November) is estimated as 
around September 22. The value m = 66,500 represents about 5'/, years 
of the estimates of recruits given by Hedrich. ‘ 

If we take six of the most clear-cut epidemics, i.e., those that rise from 
low values of the case rate and die away to low values within a single 
epidemic year from September to August we find 
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te 02-03 04-05 12-138 25-26 27-28 30-31 
Gemes.......... 27,194 16,717 23,069 31,683 28,657 34,978 
Py ss ene 11,100 11,000 11,700 12,000 11,500 10,500 
7 2.4 1.5 2.0 2.6 2.5 3.3 
* tei as 10.0 5.7 7.8 11.4 8.8 12.4 
Me vente s ius 58,632 59,817 61,146 70,629 65,562 64,054 
ES Si ae 3.4 6.1 4.3 3.7 3.2 2.6 


These values of p are certainly not in the neighborhood of 1, and further- 
more they show a great variation from epidemic to epidemic. 

If we take other clear-cut epidemics of measles from a variety of places, 
we have no published estimate of m to use and no estimate of the true 
number of cases of measles. However, we may for some places find a 
record of measles for a long period of years over which both the child 
population and the number of cases of measles seem to show little or no 
trend, and on the reasonable assumption that from 90 to 100 per cent of all 
persons have measles before the age of 15 we may estimate the fraction 
gy of cases that are reported. We may also assume® that the value of m 
is 5.5 times the average annual population A under 15, ie., m = 5.5A. 
Under these assumptions we have‘ 


en total cases 
‘i zi 


The results are given in table 1. 

The value of P represents the number of years of recruits which are used 
up in the epidemic and must vary inversely with the estimate ¢ of the 
fraction of cases reported. As this estimate has been made by comparing 
the average cases reported with the recruits, it has been assumed that the 
reporting was equally good in all years. Such a period as that of 6.5 found 
for Minneapolis is not readily reconciled with the history of measles in 
that city before and after the great epidemic, namely, 


p Agf . ) peak cases 


, = 033 i -————— 
P & cases gA /24 


30-31 31-32 32-33 33-34 34-35 35-36 36-37 37-38 38-39 
1776 232 8148 276 =: 118,022 3372 90 2677 4791 


With the estimate of 6776 for annual recruits the total of 39,384 in 9 years 
would give a ratio of 65 per cent for reporting instead of the 41 per cent 
obtained from a longer run of years. Probably 65 per cent is high because 
the years 29-30 and 39-40 were very low. Measles is a very variable 
disease and any estimate based on a limited number of years must be 
subject to considerable error; furthermore there is no assurance that the 
fraction of reporting is the same from year to year, it may be higher in 
the years of large epidemics than in years relatively free from measles, or 
inversely. As may be seen from the formulae used in the calculation the 
value of P varies inversely with the fraction of reporting and that of p 
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varies directly with the square of that fraction multiplied by f. Thus 
should we use 65 per cent in place of 41 per cent, we should get P = 4.1 
and p = 2.2 in place of P = 6.5 and p = 1.3. 

As a result of the difficulty of making reliable estimates of the factors 
of reporting the values of P and p which are entered in table 1 cannot be 
regarded as individually well determined; but the conclusion from all of 
them and from the results obtained for Baltimore seems inescapable that: 
In so far as the relationship C = (S/m)’C_, may be valid for the course 
of epidemics of measles, the value of p which is appropriate to the relation- 
ship between peak cases and total cases cannot be considered to be unity, 
i.e., the simple law of mass action which has been so widely used is not in 
accord with the facts, and it is doubtful whether any fixed value can be 
brought into satisfactory accord with the course of epidemics in different 
years and in different places.® 


1 The notation will be essentially that of earlier papers, see these PROCEEDINGS, 31, 
24-34 (1945). 

2 Hedrich, A. W., ‘‘Monthly Estimates of the Child Population ‘Susceptible’ to 
Measles 1900-1931, Baltimore, Md.,”’ Amer. Jour. Hyg., 17, 613-636 (1933). Such 
estimates might appear easy to make. If one starts with any level of susceptibles at 
the beginning of any month, adds the number of recrtiits and subtracts the number of 
cases, one obtains the number of susceptibles at the beginning of the next month. The 
difficulty of scaling up the number of cases reported to the true number of cases is how- 
ever so serious that the process is not easy to carry out over a long period of time without 
getting unreasonably high or unreasonably low values of the susceptibles at some times. 
Hedrich’s work seems to be carefully and critically done and we shall base our calcula- 
tions upon his figures. 

3 The age distribution of reported cases of measles for New York State (exclusive of 
New York City) and for Massachusetts for the years specified is 


New York STATE (EXCLUSIVE OF N. Y. City) 


6,263 12.62 4,342 12.31 3,817 13.29 4,865 12.19 3,875 13.97 12.88 
5,118 10.31 3,427 9.72 2,916 10.15 3,673 9.20 2,903 10.47 9.97 
3,245 6.54 2,290 6.49 1,990 6.93 2,468 6.18 1,777 6.41 6.51 
10-14 6,759 13.62 4,945 14.02 4,007 13.95 6,796 17.03 3,468 12.50 14.22 
15-19 1,765 3.56 1,323 3.75 833 2.90 2,340 5.86 765 2.76 3.77 
20+ 1,505 3.03 1,204 3.41 712 2.48 2,340 5.86 666 2.40 3.44 


49,620 99.98 35,268 99.99 28,726 100.01 39,904 99.99 27,738 100.02 100.00 


1932 1933 1934 1935 1936 
—_— --—-—_. -——_—_—o— OO  —ovOo—>—— ————SCié“MZSAAN,;« 
AGE CASES % CASES % CASES % CASES % CASES % % 
Under 1 927 1.87 703 1.99 577 2.01 710 1.78 537 1.94 1.92 
1 2,015 4.06 1,463 4.15 1,098 3.82 1,339 3.36 1,168 4.21 3.92 
2 2,714 5.47 1,879 5.33 1,435 5.00 1,768 4.43 1,422 5.13 5.07 
3 3,182 6.41 2,150 6.10 1,658 5.77 2,184 5.47 1,669 6.02 5.95 
4 3,634 7.32 2,516 7.13 1,970 6.86 2,442 6.12 1,910 6.89 6.86 
5 5,401 10.88 3,806 10.79 3,279 11.41 3,825 9.59 3,171 11.43 10.82 
6 7,093 14.29 5,220 14.80 4,434 15.44 5,154 12.92 4,407 15.89 14.67 
i 
8 
9 














The variation from year to year is notable. The large percentage of older cases in 
1935 is especially noteworthy; the percentages at all ages under 10 are below the average 











VoL. 31, 1945 PATHOLOGY: WILSON AND WORCESTER 115 


of the percentages and are above the averages at all ages over 10. Contrariwise in 
1936 the percentages are above the averages up to age 9 and below them after that age. 





/MASSACHUSETTS 
1936 1937 1938 1939 1940 

Py, EO ey eT ne ——. MEAN, 

AGE CASES % CASES % CASES % CASES % CASES % % 
Under 1 527 1.95 389 1.91 334 3.27 422 1.62 619 2.92 2.33 
1 1,181 4.38 896 4.40 571 5.60 1,062 4.08 1,071 5.06 4.70 
2 1,498 5.55 1,293 6.35 651 6.38 1,500 5.76 1,467 6.93 6.19 
3 1,864 6.91 1,426 7.00 781 7.66 1,841 7.07 1,924 9.08 7.54 
4 2,431 9.01 1,792 8.80 1,025 10.05 2,079 7.98 1,828 8.63 8.89 
5 3,403 12.61 2,260 11.10 1,339 13.13 2,954 11.34 2,448 11.56 11.95 
6 4,977 18.44 3,749 18.41 1,950 19.12 4,437 17.03 3,500 16.53 17.91 
7 4,089 15.15 3,068 15.06 1,406 13.78 3,818 14.66 3,075 14.52 14.63 
8 2,445 9.06 2,156 10.59 794 7.78 2,813 10.80 1,983 9.36 9.52 
9 1,249 4.63 1,058 5.19 371 3.64 1,707 6.55 1,185 5.60 5.12 
10-14 2,470 , 9.15 1,677 8.23 609 5.97 2,592 9.95 1,378 6.51 7.96 
15-19 443 1.64 322 1.58 212 2.08 475 1.82 371 1.75 Bee g 
20+ 410 1.52 280 1.37 1571.54 347 =—-:11.33 330 1.56 1.46 














26,987 100.00 20,366 99.99. 10,200 100.00 26,047 99.99 21,179 100.01 99.97 
‘ 


Again the variation from year to year is large. The percentages in 1939 are below 
the averages for all ages under 7. In comparison with the mean percentages of New 
York State the Massachusetts averages are higher under 8 and lower over 8; the cumu- 
lated percentages under 8 are Massachusetts 74.2, New York 62.1. It is clear that no 
percentage distribution can be assigned that is valid in both States in all years. How 
much differential there is in the factors of reporting by age in either State is unknown. 
The effect of the different age distributions in the two States could be eliminated but 
would make no really substantial modification. 

If one bases an actuarial calculation upon the mean percentages one finds that the 
average number of immunes in the population is more than 5!/2 years of recruits in 
Massachusetts and still more in New York State. On the other hand the figures given 
by Selwyn Collins (Public Health Reports, April 5, 1929) obtained from a large number 
of surveys in which was tabulated by age the percentage of children who had had measles, 
indicate much higher attack rates for children at early ages than those found here in 
either State. His fitted curve 


y= 89 (1 me 9. 00686— 0.048682 — 0.0289972) 


for the percentage who have had measles by age x, while representing well the observa- 
tions has the obvious defect which inheres in all such series, namely, that the asymptotic 
percentage is too far below 100 to be representative of the true situation with respect to 
measles. There is no telling how the percentages should be scaled up to represent the 
true situation but the figures obtained from the curve give, respectively, 10.5, 12.7, 13.3, 
12.3, 10.5, at ages 1, 2, 3, 4, 5 in place of 4.7, 6.2, 7.5, 8.9, 12.0 in Massachusetts. Con- 
version of the Massachusetts figures to rates would modify the percentages in a minor 
way. Clearly any estimate of the average number of susceptibles in the population based 
on rates derived from Collins’ distribution, however, those rates were altered to come 
more nearly to representing the true situation with respect to immunity in the popula- 
tion, would be well below that derivable from the reported cases. 
" The evidence is as a whole indicative of a value for m in the neighborhood of 51/2 
years of recruits. 
4 Peak cases as reported may be estimated by inspection as slightly more than half 
the cases in the highest month. The difference between 30 and 31 day months is small 
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enough to be disregarded in view of statistical fluctuations and the inherent inaccuracies 
of estimating the factor of reporting. The short month February may better be ad- 
justed by taking from January and March an allowance for the last day of January and 
the first day of March, leaving these as 30 day months, in ordinary years, with slightly 
different allowances in leap years. If it be assumed that the case rate is parabolic for 
the three highest months and that the cases are, respectively, k-;, ko, k; in sequence, 
then on the assumption that 7 is half a month 


26ko — k-1 — ky (ki — k-1)? 
48 16(2ko — k-1 — ki) 





Cor = “‘peak cases’? = 


As the theoretical solution in the absence of recruits (A = 0) for the epidemic curve is 
the sech? curve, and as the effect of the recruits is probably small in the three highest 
months of the epidemic, and finally as the probability and sech* curves have been used 
more for fitting observed cases than the parabola, it might be better to estimate peak 
cases by fitting a sech? curve instead of a parabola; we have indeed used- the sech? curve 
in a number of cases but have come to the conclusion that the extra work involved is not 
justified by the slight increase in accuracy which may thereby be obtained. 

5 It is interesting to make some calculations for the data Soper gave for Glasgow for 
the years 1901-1916 which he seemed to think were of the forty years with which he 
worked those best suited to test his theory. One noticeable difference between his data 
and Hedrich’s for Baltimore or that for other American cities is the infrequency with 
which clear-cut epidemics, which rise from few cases in one summer and die away to few 
cases in the next, are found in Glasgow. For five epidemic years we find, however, 


TOTAL 
YEAR CASES PEAK A ¢@ 4 cue Z ? 
03-04 13,544 1177 800 0.55 1.2 2.7 6.6 4.8 
07-08 21,484 1988 800 0.55 1.9 4.5 7.3 2.3 
09-10 22,533 3153 800 0.55 2.0 7.2 8.5 2.9 
11-12 18,176 2158 800 0.55 1.6 4.9 7.5 3.4 


In making the calculations we have taken Soper’s estimate of births as 25,500 and 
reduced it by about 20 per cent to allow for deaths at early ages, leaving recruits as 
A = 800 per fortnight. We have taken ¢ as 0.55 because Soper estimated the reporting 
as a little less than 50 per cent of births. Further we have taken m as 4 years of re- 
cruits in place of 51/2 years because he mentions that the average age of measles in one 
epidemic was 41/2 years. The formula for p then becomes 104(440 f/total cases)*. 
The average value of P is 1.7 years which corresponds fairly well to his figure of a little 
under two years, but the values of p are certainly not reconcilable with the assumption 
pb = 1. Soper appeared to take m as 2 years of births (recruits?) and this would cut 
our values of pin two. He did, however, note that m would appear to be 3.87 years of 
births (something probably in excess of four years of recruits) judged from the average 
age of cases but rejected this estimate for reasons that seem to us of doubtful cogency. 
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AXIOMATIC APPROACH TO HOMOLOGY THEORY 
By SAMUEL EILENBERG AND NoRMAN E. STEENROD 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MICHIGAN \ 


Communicated February 21, 1945 


1. Introduction.—The present paper provides a brief outline of an 
axiomatic approach to the concept: homology group. It is intended that 
a full development should appear in book form. 

The usual approach to homology theory is by way of the somewhat 
complicated idea of a complex. In order to arrive at a purely topological 
concept, the student of the subject is required to wade patiently through a 
large amount of analytic geometry. Many of the ideas used in the con- 
structions, such as orientation, chain and algebraic boundary, seem arti- 
ficial. The motivation for their use appears only in retrospect. 

Since, in the case of homology groups, the definition by construction is 
so unwieldy, it is to be expected that an axiomatic approach or definition 
by properties should result in greater logical simplicity and in a broadened 
point of view. Naturally enough, the definition by construction is not 
eliminated by the axiomatic approach. It constitutes an existence ‘proof 
or proof of consistency. 

2. Preliminaries—The concepts of a topological space and of a group 
are assumed to be known. The symbol (X, A) stands for a pair consisting 
of a topological space X and a closed subset A. A map f:(X, A) — (Y, B) 
of one such pair into another is a continuous map of X into Y which maps 
A into B. Incase A is the vacuous set (X, A) is written as (X). If fo, fi 
are two maps of (X, A) into (Y, B), they are homotopic if there exists a 
homotopy f(x, ¢) connecting the two maps of X into Y such that f(x, t)«B 
for any xe A and all ¢. 

3. Basic Concepts—The fundamental concept to be axiomatized is a 
function H,(X, A) (called the g-dimensional, relative homology group of 
X mod A) defined for all triples consisting of an integer g = 0 and a pair 
(X, A). The value of the function is an abelian group. 

The first subsidiary concept is that of boundary. For each g2 1 and 
each (X, A), there is a homomorphism 


0:H,(X, A) > Hy. (A) 


called the boundary operator. 

The second subsidiary concept is that of the induced homomorphism. 
If f is a map of (X, A) into (Y, B) and g2 0, there is an attached homo- 
morphism 
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fx:H(X, A) > H,(Y, B) 


called the homomorphism induced by f. 
4. Axioms.—These three concepts have the following properties. 
- Axiom 1. If f = identity, then fx = identity. 

That is to say, if f is the identity map of (X, A) on itself, then f, is the 
identity map of H,(X, A) on itself. 

Axiom 2. (gf)x = gafx. 

Explicitly, if f:(X, A) — (Y, B) and g:(Y, B) — (Z, C), then the combi- 
nation of the induced homomorphisms f,:H,(X, A) — H,(Y, B) and 
gx:H(Y, B) — H,(Z, C) is the induced homomorphism (gf) :H,(X, A) — 
AZ, C). 

An immediate consequence of Axioms 1 and 2 is that homeomorphic 
pairs (X, A) and (Y, B) have isomorphic homology groups. 

AxIoM 3. Of = fx0. 

Explicitly, if f:(X, A) — (Y, B) and g 2 1, the axiom demands that 
two homomorphisms of H,(X, A) into H,_, (B) shall coincide. The first 
is the combination of 0:H,(X, A) — H,_,(A) followed by (f |A)x: 
H,_, (A) — H,_, (B). The second is the combination of f,:H,(X, A) > 
H,(Y, B) followed by 0:H,(Y, B) — H,_, (B). 

Axiom 4. If f is homotopic to g, then fy = gx. 

Definition: The natural system of the pair (X, A) is the sequence of 
groups and homomorphisms 


. > HX) > HX, A) > Hy (A) > Hy (X) > ... > Ho(X, A) 


where H,(X) — H,(X, A) is induced by the identity map (X) — (X, A), 
H,(X, A) — H,_,(A) is the boundary operation, and H,_, (A) — H,_, (X) 
is induced by the identity map (A) — (X).° 

Axiom 5. In the natural system of (X, A) the last group, Ho(X, A), is 
the image of HX). In any other group of the sequence, the image of the 
preceding group coincides with the kernel of the succeeding homomorphism. 

At first glance, this axiom may seem strange even to one familiar with 
homology theory. It is equivalent to three propositions usually stated as 
follows: (1) the boundary of a cycle of X mod A bounds in A if and only 
if the cycle is homologous mod A toa cycle of Xs (2) a cycle of A is homol- 
ogous to zero in X if and only if it is the boundary of a cycle of X mod A; 
(3) a cycle of X is homologous to a cycle of A if and only if it is homologous 
to zero mod A. 

Definition: An open set U of X is strongly contained in A, written 
U GA, if the closure U is contained in an open set V € A. 

Axiom 6. If U CA, then the identity map: (X — U,A — U)— (X, A) 
induces isomorphisms HX — U,A — U) 2=H,(X, A) for each q2 0. 
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This axiom expresses the intuitive idea that H,(X, A) is pretty much 
independent of the internal structure of A. 

Axiom 7. If P is a point, then HP) = 0 for q2 1. 

A particular reference point Po is selected, and H(Po) is called the 
coefficient group of the homology theory. 

5. Uniqueness.—On the basis of these seven axioms, one can deduce 
the entire homology theory of a complex in the usual sense. Some high- 
lights of the procedure are the following. 

If o is an n-simplex, and ¢ its point-set boundary, then H,(c, ¢) is iso- 
morphic to the coefficient group. Further, H,(c,¢) = 0 for g ¥ n, and the 
boundary operator 0:H,(c, ¢) — Hy,_,(¢) is an isomorphism onto for 
n > 1, and into for = 1. 

Let f be the simplicial map of o on itself which interchanges two vertices . 
and leaves all others fixed. Then, for any ze H,(c, ¢), we have f(z) = 
—z. This permits the usual division of permutations into the classes of 
even and odd, and leads naturally to a definition of orientation—a concept 
which is quite troublesome in the usual approach. 

Definition: Let H, H’ be two homology theories satisfying Axioms 1 
through 7. A homomorphism 


kh: —> HT’ 
is defined to be a system of hofnomorphisms 
h(q, X, A):H,(X, A) — Hy’ (X, A) 


defined for all g, (X, A), which commute properly with the boundary 
operator and induced homomorphisms: 
hq —1,A)0 = O'h(g,X,A), h(q, Y, B)fe = fa’ hg, X, A). (1) 

If h gives an isomorphism of the coefficient groups (0, Po):Ho(Po) = 
Hy’ (Po), then h is called a strong homomorphism. If each h(q, X, A) is an 
isomorphism, then h is called an equivalence and H and H’ are called 
equivalent. 

Since the usual homology theory of complexes is deducible from the 
axioms, there follows the 

UNIQUENESS THEOREM: Any two homology theories having the same 
coefficient group coincide on complexes. 

Explicitly, if 7:Ho(Po) S& Ho’(Po) is an isomorphism between the 
coefficient groups of H and H’, then isomorphisms 


h(q, Xx, A):H{(X, A) = Ay (X, A) 


can be defined for X a complex, A a subcomplex such that 1(0, Po) coincides 
with 7, and the relations (1) hold in so far as they are defined (f need not be 
simplicial). Indeed, there is just one way of constructing h(q, X, A). 
The uniqueness theorem implies that any strong hom».nor,hism h:H — 
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H’ is an equivalence as far as complexes are concerned. In view of Axiom 
4, the uniqueness theorem holds for spaces having the same homotopy type 
as complexes. These include the absolute neighborhood retracts. 

6. Existence——As is to be expected, homology theories exist which 
satisfy the axioms. Both the Cech homology theory H" and the singular 
homology theory H® satisfy the axioms. This is fairly well known, 
although the proofs of some of the axioms are only implicitly contained in 
the literature. It is well known that the two homology theories differ 
for some pairs (X, A). Thus, the axioms do not provide uniqueness for all 
spaces. 

The surprising feature of H® and H' that appears in this development is 
that they play extreme roles in the family of all homology theories, and 
have parallel definitions. They can be defined as follows: The homology 
groups of the simplicial structure of a complex (using chains, etc.) are 
defined as usual. (Asa first step of an existence proof, this is quite natural 
since the definition has been deduced from the axioms.) Using maps 
K — X of complexes into the space X, the singular homology groups 
H®,(X, A) can be defined using a suitable limiting process. Similarly using 
maps X — K of the space into complexes, the Cech homology groups 
H',(X, A) are obtained. It is then established that H° and H! are minimal 
and maximal in the family of all homology theories with a prescribed coef- 
ficient group in the sense that, if H is any homology theory, there exist strong 
homomorphisms H®°— H— H'. This is an indication of how it is possible 
to characterize H® or H' by the addition of a suitable Axiom 8. 

7. Generalizations ——A suitable refinement of the axioms will permit 
the introduction of topologized homology groups. 

Cohomology can be axiomatized in the same way as homology. It is 
only necessary to reverse the directions of the operators 0 and f, in the 
above axioms and make such modifications in the statements as these 
reversals entail. The analogous uniqueness theorems can be proved. 

The products of elements of two cohomology groups with values in a 
third (in the usual sense) may also be axiomatized and characterized 
uniquely. 


AWARDS TO THE ACADEMY AND RESEARCH COUNCIL 


The National Academy of Sciences was incorporated by an act of the 
Congress in 1863 during the Civil War to mobilize the best scientific talent 
of the country for service to the Government in war and in peace. The 
National Research Council was organized in 1916 at the request of the 
President by the National Academy of Sciences as a measure of national 
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preparedness and was perpetuated in accord with an Executive Order of the 
President dated May 11, 1918. The Academy and the Research Council 
have been active since their establishment both in war and in peace, and 
particularly during the current war. These activities have been formally 
recognized by the presentation to the Academy at its Autumn Meeting, 
November 15, 1944, of the Ordnance Distinguished Service Award and 
by the presentation to the Research Council on December 11, 1944, of an 
Award of Distinction by the American Pharmaceutical Manufacturers’ 
Association. Reproduction of the documents of award are published here- 
with by authority of the President of the Academy and of the Chairman of 
the Research Council. 


IRREGULAR PROJECTIVE INVARIANTS 
By EDWARD KASNER AND JOHN DE Cicco 


DEPARTMENTS OF MATHEMATICS, COLUMBIA UNIVERSITY AND ILLINOIS INSTITUTE OF 
TECHNOLOGY 


Communicated March 16, 1945 


1. We shall begin, in this paper, the classification of irregular analytic 
elements with respect to the eight-parameter group of collineations in the 
plane. Halphen showed that a regular analytic element has two relative 
projective invariants of fifth and seventh orders and an absolute differen- 
tial invariant of the seventh order. We show that an irregular element 
with a simple cusp possesses two relative invariants of the seventh and 
eighth orders, and therefore an absolute invariant of the eighth order. 

Kasner has given a complete classification of the irregular analytic ele- 
ments according to the type of absolute invariant of the lowest order with 
respect to the infinite group of conformal transformations.' The authors 
have made a similar classification with respect to the infinite group of all 
analytic point transformations.’ 

2. The configuration that is to be considered is an analytic arc (regular 
or irregular) together with a specific point of the arc. This compound 
object may be termed an analytic element. If the specific point is taken 
as the origin, the most general analytic element may be defined by setting 
x and y equal to two power series in integral powers of a parameter/ without 
constant terms. Let the integer p 2 1, be the minimum of the two ex- 
ponents of the leading terms in the two power series of ¢; we may assume 
this to appear in the x-series. Therefore our analytic element may be 
written in the form 


y = cy? 4 CoM? 4 cult D/P 4 (1) 
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where g > p 2 1 and c, ¥ 0. Of course, we may have g = p + 1. 

If only integral powers of x appear in (1), then our element is called 
regular. Otherwise, it is said to be irregular. 

For irregular elements, both and gq are arithmetical projective invari- 
ants. Therefore we define p as the index and g as the rank. All irregular 
elements obtained by taking arbitrary values of the coefficients but with 
fixed values of the integers p and g, we shall define as the single species (p, q). 

3. Consider the species (2, 3). Any irregular element of this species 
may be written in the form 


y = cl + cy’? + ce’? + ox’? + ..., . (2) 


where c; * 0. 
Under the projective group, we have proved that 


1 
a= oa! [2c3%cz — 6037C4C6 ae 3037652 _ 12¢3¢42cs “— 5c,4]5, (3) 
3 


ts a relative differential invariant of weight four. 

Thus the analytic element (2) possesses a relative differential invariant 
a of order seven. This is the lowest possible order. 

Under the projective group, we have proved that 


1 [9cs4cs — 30cs2cscy — 3605%C5cge + 72c32C42eg + 


. y a 81¢3°Cscs? ee 244c3c43cs oe 485 | (4) 


is a relative differential invariant of weight one. 

Our new relative invariant f is of order eight. 

By (3) and (4), it follows that the irregular analytic element (2) possesses 
the absolute differential projective invariant 


Iz = B4/a. (5) 


This absolute invariant is of order eight, degree twenty and total sub- 
script weight eighty. 

Obviously, any analytic element has an infinite number of projective 
invariants. 

Under the conformal group, Kasner proved that the species (2, 3) has no 
invariants, any such element being reducible to the canonical form y = 
x¥”2. Therefore this is also true under the infinite group of all regular 
analytic point transformations. 

In our later work, we shall consider the projective differential invariants 
of other species of analytic elements (p, g). We may describe our invariants 
as local, since they apply in the neighborhood of the singularity of the 
curve which may be either algebraic or transcendental. If we allow correla- 
tions as well as collineations, we show that the species (p, q) is equivalent 
to the species (q — p,q). This is a new duality theorem.* 
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1 Kasner, ‘‘Conformal Classification of Analytic Arcs or Elements, Poincaré’s Local 
Problem of Conformal Geometry,’”’ Trans. Am. Math. Soc., 16, 333-349 (1915). The 
theory of a pair of regular arcs, including the horn angle, is given in ‘‘Conformal 
Geometry,’’ Proceedings Cambridge International Congress Mathematicians, 1912, 
and a paper appearing in Scripta Mathematica, 1945. 

2 Kasner and De Cicco, ‘“The General Invariant Theory of Irregular Analytic Arcs or 
Elements,” [bid., 51, 232-254 (1942). Also in Publications of the Illinois Institute of 
Technology (1943.) 

3 See for regular curves Halhhen’s dissertation 1878, and his collected works Vol. 2. 
Also Lane, “‘Projective Differential Geometry,” Chicago Press, 1942. 


EULER’S THREE BIQUADRATE PROBLEM 
By MorGan WarRD 
CALIFORNIA INSTITUTE OF TECHNOLOGY 
Communicated March 19, 1945 


1. Euler’s problem of whether the sum of three biquadrates can be a 
biquadrate; that is, whether the diophantine-equation 


x4 + yt + 24 = wt (1) 
has any (non-trivial) integer solutions, has never been solved.! The 
problem is a hard one; indeed, a modern investigator has stated: ‘‘. . . it 


would be difficult to mention any other [problem] which has yielded so 
little to the efforts of those who have attempted its solution.” 

The most that is known. to date is that there is no solution of (1) with® 
w < 1024. I have recently proved that there is no solution of (1) with 


w < 10,000. (2) 


This result makes it appear probable that there are no solutions of (1) 
whatever, especially since several closely allied soluble diophantine equa- 
tions such as x‘ + y* + 24+ ¢ = wt, x4 + yt = wt +t, x4 + 2y* + 224 = 
w* are known to haye comparatively small solutions.‘ 

2. The first step of the proof is to reduce the solution of (1) to the 
solution of another diophantine equation containing more variables but. 
with the variables subjected to a number of restrictive conditions which 
it is unnecessary to state here: 


ut + vt = Qeki(e%]? + 218" +2 q8R?), (3) 
The old variables are easily expressed in terms of the new; for example, 


w = 20 +9+g4k + et, (4) 
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Equation (1) has a solution if and only if equation (3) has a solution with 
d, e, k, 1, u and v positive integers. The exponent ¢ is a positive integer or 
zero, and the exponent ¢ is either zero or one. 

The inequality (2) in conjunction with (4) immediately restricts o, d, 
e, k and / to a finite number of choices; in fact, 


¢SldSle9,k S17 and/ S 9488. (5) 


3. The second step of the proof is to discuss (3) for each of the cases 
given by (5). The most difficult case turns out to be when o = 0,¢€ = 1 
andd=e=k=1. (3) then becomes 


ut + vt = 2)(]? + 1024?) (6) 
with 
(i) 1 < 8976. 
The restrictions on the variables in (3) alluded to in Section 2 tell us that 


(ii) Every prime factor of / and /? + 1024? is congruent to one modulo 
eight. 


On considering (6) modulo 5 and modulo 13, we find that 


(iii) 7 = 4 (mod 5), 
(iv) 1=3,4, 5, 7, 10 or 12 (mod 13). 


The conditions (i)—(iv) reduce the possible choices of ] to twenty-nine 
numbers: 289, 449, . . ., 8689. 

The other cases lead to even fewer choices of / and the other variables 
in (5). 

4. The third step of the proof is to dispose of the cases which survive 
after all conditions of the type (i)—(iv) just described have been applied. 
For example, in the case given by (6), we have to show by the composition 
formulae for products of sums of squares that 2/(/? + 1024?) is not a sum 
of two biquadrates for twenty-nine numerical values of /. This last step 
is easily carried out, and the proof is complete. 

5. The most laborious feature in the proof is the necessity for factoring 
several numbers greater than ten million, the extent of the present factor 
tables. For example, in the case discussed in Section 3, it is necessary to 
factor the number /? + 1024? not only in order that condition (ii) may be 
applied, but also in order to apply the final restrictions by composition of 
sums of squares. This work was performed with the aid of a calculating 
machine by the factor stencil method of D. N. Lehmer and J. D. Elder.5 
Whenever the stencils indicated that the number was a prime, the fact 
was confirmed by D. H. Lehmer’s* method based on the converse of Fer- 
mat’s theorem. 
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In order to insure accuracy, all the attendant numerical work and the 
algebra of determining the cases in step two was checked twice at different 
times. Complete details of the proof will appear elsewhere. 


1In L. E. Dickson’s History of the Theory of Numbers, vol. 2, p. 648—there is a state- 
ment that might lead one to infer that the impossibility of (1) was proved by A. Were- 
brusow (L’Intérmediare des Mathématiciens, 21, 161 (1914)). A fatal lacuna in Were- 
brusow’s proof was pointed out by E. T. Bell (Mathematics Student, 4, 78 (1936)). 

2 Mordell, L. J., ““The Present State of Some Problems in the Theory of Numbers,”’ 
Nature, 121, 138 (1928). 

3 Aubry, L., Sphinx-Oedipe, 7, 45-46 (March, 1912). 

4 For example, we have Norrie’s well-known result that 


304 + 1204 + 2724 + 3154 = 353%. 


5’ Lehmer, D. N., and Elder, J. D., ‘‘Factor Stencils,’ Carnegie Institution, Washing- 
ton (1939). 
®Lehmer, D. H., Amer. Math. Monthly, 43, 347-354 (1936). 


ERRATUM 


In the article, “Dominance Modification and Physiological Effects of 
Genes,” by L. C. Dunn and S. Gluecksohn-Schoenheimer, Proc. Nat. Acad. 
Sct., 31, 82 (1945), the formula in the middle of line 1, page 83, should read 
“138 Sd + (x? = 5.26, p = 0.02)” instead of “138 Sd + X>25%.” 














